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Abstract. Nuclear-structure theory is unusual among the diverse ﬁelds of quantum physics. Although it
provides a coherent description of all known isotopes on the basis of a quantum-mechanical understanding
of nucleon states, nevertheless, in the absence of a fundamental theory of the nuclear force acting between
nucleons, the prediction of all ground-state and excited-state nuclear binding energies is inherently semi-
empirical. I suggest that progress can be made by returning to the foundational work of Eugene Wigner
from 1937, where the mathematical symmetries of nucleon states were ﬁrst deﬁned. Those symmetries were
later successfully exploited in the development of the independent-particle model (IPM ∼ shell model), but
the geometrical implications noted by Wigner were neglected. Here I review how the quantum-mechanical,
but remarkably easy-to-understand geometrical interpretation of the IPM provides constraints on the
parametrization of the nuclear force. The proposed “geometrical IPM” indicates a way forward toward the
uniﬁcation of nuclear-structure theory that Bortignon and Broglia have called for.
1 Introduction
The “challenge” posed by Bortignon and Broglia [1] for
achieving uniﬁcation of speciﬁcally nuclear-structure the-
ory with nuclear-reaction data should be applauded by
all physicists. Their suggestion for “nuclear theorists to
take center stage” is an unusual, but welcome invitation
to return to the basics of nuclear physics while using the
conceptual and computational tools developed in the 21st
century to solve old and yet-unsolved problems. I would
therefore like to take the opportunity of their call for “a
new type of nuclear theoretician who computes less and
thinks more” to point out the early thinking of Eugene
Wigner, and what it implies for computational nuclear-
structure theory today.
After more than seven decades of semi-quantitative
“modeling”, nuclear-structure physics is arguably unique
among the natural sciences in lacking a unifying theory
within which rigorous computational models can be co-
herently organized. Atomic physics, chemistry, solid-state
physics, and even molecular biology, each have unifying
theories within which most experimental and computa-
tional eﬀorts are now made, but nuclear-structure theory
remains a collection of (literally) dozens of mutually con-
tradictory models [2]. The core problem since the 1930s
has been the absence of a quantitative understanding of
the nuclear force itself.
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While many researchers await developments in quark
theory for elucidation of the character of the nucleon-
nucleon interaction, it is worth bearing in mind that
nuclear-structure theorists from the heyday of nuclear the-
ory (1950–1970) have repeatedly stated their conviction
that insights from high-energy particle physics are unlikely
to shed light on the relatively low-energy phenomena of
nuclear structure. As noted by Bortignon and Broglia [1],
the so-called “uniﬁed” model of Bohr and Mottelson [3]
from the 1960s was a success in providing a means to
address both the collective and the independent-particle
aspects of nuclei, but the nucleon-clustering phenomena
treated in the alpha-cluster and boson models remained
outside of the “uniﬁed” model and progress in clarifying
the nuclear force did not follow from their work. The re-
lated problem of the mean-free-path of nucleons in stable
nuclei (long, as in a gas? or short, as in a liquid?) has
also remained unresolved. Further uniﬁcation is yet possi-
ble [1].
Today, few nuclear physicists would espouse the need
for additional models, but it is a historical fact that, while
liquid- and gaseous-phase models have been given abun-
dant consideration, the profoundly simple solid-phase (lat-
tice) model of Wigner [4] has remained largely overlooked.
In a foundational work on nuclear symmetries, published
in Physical Review in 1937 [4], Wigner outlined a geo-
metrical interpretation of the quantal symmetries of the
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Fig. 1. The fcc lattice symmetries of nucleon quantum states. (A) In a 1937 article in Physical Review entitled Symmetry of
the nuclear Hamiltonian, Wigner depicted the nucleon eigenvalues of the ﬁrst three, doubly magic n-shells, noting that they
form a face-centered close-packed lattice [4]. (B) Everling [5] subsequently showed the geometry of the s-, p- and d-subshells of
the same nuclei. (C) Using computer graphics techniques, Cook [7–9] illustrated the quantum value symmetries of the ﬁrst four
n-shells.
was clearly interested primarily in the abstract symmetries
of the quantum numbers, but he did in fact note that the
quantal regularities of nucleon states have a remarkable,
inherent 3D structure that is identical to a face-centered-
cubic (fcc) lattice with orthogonal spin and isospin lay-
ering (ﬁg. 1(A)). Inevitably, the ﬁrst impression of such
visual depictions of the nucleus is one of classical mechan-
ics, but Wigner’s main argument concerned the quantal
symmetries inherent to the nuclear Hamiltonian. What-
ever may be the correct physical interpretation of those
symmetries, they are fundamentally a consequence of the
quantum texture (subscripts n, l, j, m, s, i and parity)
that is the essence of the Schro¨dinger wave equation used
in nuclear quantum mechanics.
It is in fact uncertain what Wigner himself thought
with regard to the physical signiﬁcance of the lattice rep-
resentation of nuclear structure, but the identity between
the fcc lattice and the well-established IPM has been inde-
pendently pointed out several times since then: Everling in
1958 [5], Lezuo in 1974 [6], Cook in 1976 [7–9], Dallacasa
in 1981 [10], and many others sporadically since then. All
ﬁve of the above authors have emphasized the geometrical
simplicity of the empirically known symmetries of the nu-
cleon quantum numbers that are a fundamental aspect of
conventional nuclear-structure theory. They have shown
that all of the nucleon quantum numbers have unambigu-
ous geometrical deﬁnitions within the framework of a lat-
tice model of (low-energy) nuclear structure (eqs. (1)–(7)).
More than a decade after Wigner’s innovative explica-
tion of nuclear symmetries, the idea of spin-orbit coupling
was established by Mayer and Jensen, and the labeling
of nucleon quantal variables was changed to accommo-
date the shell model. Wigner’s pre-eminent contribution
to a quantum-mechanical understanding of nuclear struc-
ture was, however, recognized by the Nobel Committee in
awarding half of the 1963 Physics Prize to Wigner and a
quarter each to Mayer and Jensen. Since then, details of
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(the antiferromagnetic fcc lattice with spin and isospin
layering) and the known symmetries of the nucleus have
been published many times (e.g., [4–10], with a full list of
references through 2010 in [7–9]).
Unfortunately, Wigner himself did not elaborate on the
underlying geometry of the IPM —and it has fallen to oth-
ers to note that conventional nuclear theory can be recast
from the abstract higher dimensionality of the symmetries
of quantum mechanics to comprehensible (if not classical)
three-dimensional geometry. The seeming complexity of
any 3D lattice of nucleons belies a remarkable simplic-
ity, insofar as all of the shells and subshells of the well-
established IPM have geometrical interpretations that re-
ﬂect the symmetries that are in daily use by all IPM prac-
titioners. These symmetries are easily summarized, as in
eqs. (1)–(7):
principal, n = (|x|+ |y|+ |z| − 3)/2, (1)
orbital angular momentum, l = (|x|+ |y|)/2, (2)
total angular momentum, j = (|x|+ |y| − 1)/2, (3)
azimuthal, m = |x| ∗ (−1)(x−1)/2/2, (4)
spin, s = (−1)(x−1)/2/2, (5)
isospin, i = (−1)(z−1)/2, (6)
parity, π = sign(x ∗ y ∗ z), (7)
where all quantum numbers are deﬁned in terms of each
nucleon’s unique set of x, y, z coordinates in Cartesian
space. All of the nucleon shells/subshells and their occu-
pancies are thereby reproduced (eqs. (1)–(4)). That fact
indicates that the IPM and the lattice model are funda-
mentally isomorphic, but they clearly diﬀer in implying:
a diﬀuse, gaseous nuclear interior, on the one hand, or
a high-density nuclear interior where nucleon-nucleon in-
teractions are local, on the other. Using a “mean-ﬁeld”
approximation, the gaseous-phase IPM has been the dom-
inant model since the 1950s, but it has not been reconciled
with the known nuclear force, known with great precision
from nucleon-nucleon scattering experiments (ﬁg. 2).
In contrast, the lattice has a liquid-drop–like texture
that is consistent with the known dimensions of the nu-
clear force. The primary reason for not exploring the solid-
phase model is the (incorrect) assumption that the nuclear
“shell” structure demands the gas-like orbiting of nucle-
ons. The geometrical build-up of nuclei in the fcc lattice,
however, clearly demonstrates that such an assumption is
unfounded.
We have in fact frequently published (e.g., [5–10]) on
the isomorphism between the IPM and the fcc lattice —to
the collective yawn of the community of nuclear-structure
theorists. Although it is understandable that theorists are
not enthusiastic about “unconventional” approaches to
the problems of nuclear structure, it is worth reiterating
that the original idea was proposed by Eugene Wigner
—whose “conventional” work forms the basic quantum-
mechanical understanding of the nucleus! It is Wigner’s
remarkable insight that there is a fundamental geometry
to the texture of the nuclear interior. The signiﬁcance of
that geometry is, to be sure, not yet fully understood,
Fig. 2. The empirical nuclear potential (green line). Theo-
retical studies on the nuclear force postulate strongly attrac-
tive and repulsive components due to quark interactions (black
lines). At the mean distances between nucleons, as implied by
both the liquid-drop model and the lattice model, a few MeV
per “bond” suﬃces to achieve nuclear binding.
but one notable implication of the lattice geometry of the
nucleus concerns the nuclear force.
The gross characteristics of the nuclear force are well
known and have been reproduced in various theoretical
models (Bonn, Argonne, Paris, Idaho, etc.) over the course
of the past 40 years (ﬁg. 2). Alternative parametriza-
tions are of course possible, depending on the spin/isospin
components of the nuclear force that are speciﬁed, but
of particular interest for both the liquid-drop conception
of nuclear structure and lattice models is the fact that
the nucleon-nucleon interaction at the distances of 1st,
2nd or 3rd nearest neighbors in a close-packed lattice of
nucleons is weak (|EBE| < 5MeV). Such small values
for nucleon-nucleon interactions are fully consistent with
what is known about nuclear binding energies and excited
states, but are orders of magnitude smaller than theoret-
ical quark eﬀects.
While some theorists may be reluctant to “return” to
Wigner’s ideas from 1937 [4], it is relevant to note that,
while subsequent experimental progress in measuring the
nuclear force has been remarkable, comparable theoreti-
cal progress has not been achieved. On the contrary, text-
books on nuclear physics typically note that, because of
the inherent complexity of the nuclear many-body prob-
lem, theorists have found it necessary to rely on admit-
tedly imperfect nuclear models speciﬁcally because fun-
damental questions concerning the nuclear force remain
unanswered. As a consequence, theoretical work on the
2-body nucleon interaction itself has been slow since the
1950s, and the theoretical focus has become mean-ﬁeld
approximations and the conceptually obscure, computa-
tionally diﬃcult topics of 3- and 4-body forces.
Contrary to ﬁrst impressions, recasting nuclear-struc-
ture theory within the lattice representation of quantal
symmetries is a less radical renovation of nuclear-structure
theory than is currently appreciated —principally because
the lattice symmetries map directly onto the known quan-
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clear force known from nucleon-nucleon scattering experi-
ments ﬁt neatly with either the liquid-drop or the lattice
perspective on nuclear structure, but are explicitly rejected
by gaseous-phase models that rely on the physically unre-
alistic mean-ﬁeld theory to study nucleon interactions.
In conclusion, while research on the quark constituents
of hadrons in high-energy physics has had some success
in classifying particles in the Standard Model, it appears
that the low-energy realm of nuclear-structure physics re-
quires the attention of “a new type of nuclear theoretician”
who “thinks more” about the self-consistency of nuclear-
structure theory [1].
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